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Abstract 
Damage detection using Lead-Zirconate-Titanate (PZT) transducers for exciting guided waves was investigated. The analytical 
model for guided wave excitation using PZT transducers was used in a Finite Element Model for simulating guided waves in a 
thin aluminum plate with various defect depths. The fundamental symmetric (S0) mode was excited, and four sensors were placed 
for detecting both the reflected and transmitted waves from defects. The model was used to conduct a parametric study of the 
effect of the PZT adhesive bonding on the measured signal and hence probability of detection (POD).The model was also used 
for optimizing signal analysis algorithms, particularly for the case of multiple overlapping modes due to mode conversion from 
defects. A mode decomposition algorithm is proposed for separating the reflected/transmittedS0mode from the mode converted 
antisymmetric mode (A0). The signal processing algorithms were optimized to maximize the POD. 
 
© 2014 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Indira Gandhi Centre for Atomic Research.  
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1. Introduction 
 Guided waves are mechanical waves with a wavelength of the same order, or larger, than the thickness of 
the structure they are travelling within. Guided wave inspection systems have shown the capability for detecting 
defects throughout the thickness of thin structures[1-4]. Lead-Zirconate-Titanate (PZT) piezoelectric transducers 
have been well studied for the actuation and sensing of guided waves for damage detection[5-7]. Guided waves have 
shown their potential for in-situ structural health monitoring when their ability to interrogate large areas of a 
structure is combined with the small size and efficiency of PZT transducers[1] [2].  
 PZT transducers are surface mounted on the structure using adhesive bonding. The phase and amplitude of 
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2.1 Surface Shear Stress Applied By A PZT Actuator 
 Consider a PZT actuator with a voltage difference V applied across its thickness.The resulting shear stress 
at the interface between the PZT and the plate is given by[7]:  
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d31, Ea, ta, and a are the coupling coefficient, Young’s modulus, thickness, and half length of the PZT actuator, 
respectively. Es and ts are the Young’s modulus and the thickness of the plate, respectively. Gb and tb are the shear 
modulus and thickness of the bonding layer, respectively. The parameter Į depends on the strain and stress 
distribution through the thickness of the plate. In eq. (1), only the shear-lag parameter ī depends on the bonding 
properties, and it controls the effectiveness of shear transfer between the actuator and the plate. The function Ĳ(x) is 
shown in Fig. 1(b) for different values of Gb and when tb= 40 μm. As the value for the shear modulus increases, the 
shear stress is more concentrated at the edges of the PZT, which translates into more efficient shear transfer between 
the PZT and the structure. 
2.2 Wave Equation Solution or Guided Waves Excited By A PZT Actuator 
 If a harmonic excitation voltage with angular frequency Ȧ is applied to the PZT, then the applied shear 
stress can be expressed as ( , ) ( ) i tx t x e ωτ τ= . Assuming only the A0 and S0modes are present, the guided wave 
in-plane displacement field is expressed as [7]:  
 
0 0( , ) ( , ) ( , )S A i tU x U x U x ex x x ωω ω ω§ ·= +¨ ¸© ¹  (2) 
 
 
 
 
(a) (b) 
Figure 2. The frequency response of (a) S0 mode, and (b) A0 mode, with varying Gb. 
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frequencies, the S0 mode is less sensitive to PZT sensor degradation that the A0 mode, due to its broader frequency 
response, as shown in Fig. 2. 
 Running a multi-physics simulation that includes the PZT actuator, the plate, and the adhesive layer would 
require significant computing time. A parametric study with tens of simulations would be impractical. To avoid this 
problem, eq. (1)was applied directly as a distributed surface traction load at the interface between the PZT and the 
structure. Thus the PZT actuator itself need notbe meshed and simulated. The mesh element size was chosen to be 
0.1 mm, and the time steps was 15 ns, which satisfies the requirement for wave propagation in FEM[13]. 
 A 5 cycle Gaussian modulated tone burst with center frequency of 190 KHz is used for the excitation. The 
axial displacement (x-direction) of four mesh nodes shown in Fig. 3 was measured. Two of the sensor nodes (Rx1 
and Rx2) are placed such that the defect is outside the actuator and sensor path, and hence the sensors measure the 
GW signal reflected from the defect. The other two sensor nodes (Tx1 and Tx2) are placed such that the defect is 
between the actuator and the sensor, and thus the sensors measured the transmitted signal. Since in a practical 
situation, the position of the defect is not known relative to the sensors, the sensors positions are chosen to model 
two representative cases. In the first case, Rx1 Sensor and Tx1 Sensor are chosen far away from the defect, enough 
for the S0 and A0 modes converted at the defect to separate temporally. 
 The signals measured at those sensors are used for the POD study in Section 5. Rx2 Sensor and Tx2 Sensor 
are chosen to be close to the defect so that the two modes do not separate temporally. Section 4 describes a mode 
decomposition algorithm to separate the S0 mode from the overlapping A0 converted mode. 
 The finite element model is used for conducting a parametric study of the effects of variations in PZT 
actuator bonding layer on the resulting signal. The defect depth (d) is varied between 0 mm (no defect) to 1.8 mm in 
(a) (b) 
(c) (d) 
 
Figure 4. Simulated signals for tb= 40 μm, and d = 0.8 mm, and two different adhesive shear moduli Gb. (a) Tx1 
Sensor, (b) Rx1 Sensor, (c) Tx2 Sensor, and (d) Rx2 Sensor.
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steps of 0.1 mm, resulting in a total of 19 meshed geometries. For each defect, the excitations ĲTOP(x,t) = ĲBOT(x,t)are 
computed from eq.(1). The two parameters in eq. (1)that are controlled by the adhesive are Gb and tb. The bonding 
thickness tb is usually known during manufacturing, and Gb is the parameter that mostly represents the bonding 
quality. The adhesive shear modulus (Gb) is varied from 0.02 GPa to 3 GPa. A simulation was run for each 
combination of (Gb, d). Figure 4 shows the signals from the four different sensors for two values of Gb. When the 
defect is between the actuator and sensor (Fig. 4(a),(c)), there are two wave packets: the transmitted S0 mode and 
then the A0 mode that is converted at the defect. Since the group velocity of A0 is much lower than S0, it needs more 
time to reach the sensor. However, it can be seen that when the defect is closer to the sensor (Fig. 4(c)), the two 
modes are partially overlapping. When the defect is not between the actuator and sensor (Fig. 4(b),(d)), there are 
three wave packets: the incident S0 mode, the reflected S0 mode and then the A0 mode that is converted at the defect. 
(a) (c) 
(b) (d) 
Figure 5. Dictionary atoms for (a) S0 mode, (b) A0 mode, at x=250 mm; (c) bimodal atom at x=30mm, and (d) 
bimodal atom at x=80mm.
4. Mode Decomposition Algorithm 
 Reliable feature extraction in guided wave structural health monitoring requires the implementation of a 
mode decomposition algorithm. In the present parametric study, mode decomposition is particularly useful in 
identifying the exact amplitudes of transmitted/reflected modes from defects in the plate. 
 In this section, an iterative algorithm based on matching pursuit (MP) is used to separate temporally 
overlapping modes and extract the amplitude features required for the calculation of POD. MP decomposes a time 
signal into a weighted sum of functions with limited time support, called atoms. The set of atoms forms a redundant 
dictionary Dof size M that spans the signal space. The result of decomposition is represented as: 
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where ( )x t  is the input signal, nα  are weight coefficients, ( )d tn  are the over complete dictionary atoms, and 
(N+1) is  number of atoms required to represent x(t) with a given accuracy. 
MP iteratively projects ( )x t onto the elements of the dictionary in order to find the sparsest combination in eq.(4). If 
we denote the residual of the signal at ith iteration as Ri , the key steps of matching pursuit can be described as 
follows: 
(1) Specify initial condition: ( ) ( )0R t x t= . 
(2) Compute the inner product of the residual with each atom in the dictionary, and select the atom that results in 
(a) (b) 
(c) (d) 
(e) (f) 
Figure 6. The results for the mode decomposition algorithm when the defect size is 0.9 mm: (a) Detected signal at 
Tx1 sensor, (b) Decomposed transmitted S0 mode at Tx1, (c) Decomposed transmitted A0 mode at Tx1; (d) Detected 
signal at Rx1 sensor, (e) Decomposed reflected S0 mode at Rx1, and (f) Decomposed reflected A0 mode at Rx1.
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5. Effects of PZT adhesive on POD 
 The procedure for estimating the POD curve is described in Fig. 7. The implementation of this procedure is 
described next: 
(1) The envelop of the time signal was computed by utilizing the Hilbert transform. Then the peak amplitude of 
the first reflected/transmitted wave packet was computed, and used as the feature for damage indication. The 
mode decomposed algorithm was used for the case when two or more modes are overlapping. In the case when 
the defect is between sensor and actuator, the peak amplitude was subtracted from the no defect peak 
amplitude. Figure 8 shows the peak amplitudes with varying shear modulus for four defect depths. 
(a) (b) 
Figure 8. Variation of (a) transmitted, (b) reflected, S0 mode peak amplitude with varying shear modulus, for four 
different defect depths. The circular markers represent the peak values extracted from the FEM data, and the solid 
lines represent the fitted function plotted using eq. (6). 
 
(2) The Displacement-Shear Modulus curves (Fig. 8) for each defect depth, are fitted by a fourth order log-
polynomial function yi = fi(x),where yi is the reflection/transmission amplitude for defect depth i, and x 
represents the Shear Modulus value (x = Gb). 
 
4 3 2ln ln ln lny A x B x C x D x Ei i i i i i= + + + +  (6) 
Where Ai, Bi, Ci Di, and Ei are the polynomial coefficients for the function at each defect depth i. The adhesive 
layer shear modulus could vary during manufacturing, but mostly it varies during operation, in which case its 
value will decrease. Moreover, the value for the shear modulus should be positive. This is best modeled using 
the unilateral Gamma distribution. The bonding layer shear modulus (x=Gb) was assigned a Gamma 
probability density function (Fig. 9) with equation:  
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k xx ep xX k k
θ
θ
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=
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where the scale parameter ș = 0.25e9, and the shape parameter k = 3.5, and ( )kΓ  is the gamma function. The 
mean shear modulus is 0.75 k GPaxμ θ= = . 
(3) The probability density function of yi, which is itself a function of the random variable x, can be computed 
from eq. (6) and eq. (7) using change of variable which gives:   
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where the term 
dx
dyi
is the derivate of the inverse of the function yi. From Fig. 8, it can be seen that the function 
yi is monotonous, and thus the derivate of its inverse could be calculated as:  
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Figure 9. The Gamma probability density function for θ  =0.25e9 and k=3.5. 
 
(a) 
 
(b) 
Figure 10.  The PDF of the (a) transmitted, and (b) reflected signal amplitude with noise for the no defect case 
(dotted line), and the defect depths from 0.1mm to 0.7mm (solid lines). 
 
The PDF pY(yi) is then computed for each defect depth. 
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(4) The effect of measurement noise is modeled by an additive Gaussian distributed noise to the peak amplitude 
measurements yi such that:  
 
(0, )z y Ni i σ= +  (10) 
Where N(0, ı) is a number drawn from a zero mean Gaussian distribution, with a variance ı2. The variance was 
chosen such that ı = 10pm.The measurement zi is the sum of two independent random variables, and hence its 
probability density function could be calculated by the convolution of the probability density functions of the 
two variables:  
 
( ) ( )( )
 * i i
p z p N zZ i Y i=  (11) 
 
The PDF for the noisy measurement for each defect depth are shown in Fig. 10. 
(5) To calculate the POD from the PDF calculated in eq. (11), a threshold needs to be selected based on 
requirements on the maximum allowed percentage of false alarms, or the minimum defect to be detected. After 
selecting a threshold T, the POD for each defect size was calculated from the cumulative density function: 
(a) (b) 
Figure 11. The POD curves for (a) transmitted and (b) and reflected signals. 
 ( )POD p z dzi Z i iT
∞
= ³  (12) 
Using a 5% false alarm rate criterion, the threshold is T = 17 pm. Then for each ( )
i
p zZ i the PODiwas calculated, 
and the resulting POD curves for the transmission and reflection are shown in Fig. 11. It shows that if the defect is 
between the actuator and sensor (transmission), defect depths more than 30% of total thickness have over 99% 
probability of detection. When the defect is not between the actuator and sensor (reflection), defect depths more 
than15% of total thickness have over 99% probability of detection. Those results show that the POD is higher for the 
case of pulse-echo, where reflections from the defect are measured.  However, the detection results are also affected 
by the selected wave mode, and frequency. 
6. Conclusion 
 The use of PZT actuator for guided wave structural health monitoring was studied in this paper. A mode 
decomposition algorithm based on matching pursuit is used for accurate feature extraction of transmitted/reflected 
S0 mode amplitudes. A dictionary of atoms based on the actual guided wave equation solutions were used for 
obtaining accurate decomposed modes. A parametric study using a finite element model was conducted to find the 
POD when the quality of the adhesive bonding degrades. Experimental verification of the obtained results is 
currently being conducted, and will be published in a future work. Moreover, a study of the POD using different 
wave modes (symmetric and antisymmetric modes), and different excitation frequency would be helpful to 
quantitatively optimize defect detection. 
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